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Abst rac t - -Th is  paper deals with the asymptotic stability of theoretical nd numerical solutions 
for systems of Neutral Multidelay-Differential Equations (NMDEs) In particular, it is shown that 
A(a)-stability of the Linear Multistep Methods (LMMs) for ODEs is equivalent to NGPk (a)-stability 
of the induced methods for NMDEs under the suitable conditions. © 1999 Elsevier Science Ltd. All 
rights reserved. 
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1. INTRODUCTION 
For many years, the asymptotic stability of various numerical methods for DDEs have been 
attracting attention (see, e.g., [1-5]). However, it is very difficult to assess the stability of 
numerical methods to neutral delay-differential equations (NDDEs). In 1988, Bellen, Jackiewicz 
and Zennaro [6] first presented a sufficient condition for asymptotic stability of a class of one-step 
methods for the scalar NDDEs. Then, some stability conditions of other methods for NDDEs 
were also given (see [7-9]). But these results on NDDEs hold only for some particular linear 
equations. In view of this, we extend the above approaches to LMMs for systems of NMDEs, 
and some new results on asymptotic stability are obtained. 
2. METHODS AND BAS IC  LEMMAS 
Consider the following systems of NMDEs: 
x(t) - E Nmx(t - Tin) = Lx(t) + E Minx (t - Tin) t > 0, (2.1) 
dt 
m~ l ~t= l 
x(t) = ~(t), --T < t < 0, (2.2) 
where Nm, L, and Mm (1 <_ m < k) are constant complex p x p matrices and Tm > 0 (1 < 
m < k) are constant delays, T = maXl<m<k{Tm}, ~(t) denotes a given vector-valued function, 
and x(t) (t :> 0) is unknown. 
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DEFINITION 2.1. If any solution x(t) of (2.1) satisfies 
lira x(t) = O, 
t---~oo 
then system (2.1) is called asymptotically stable. 
In [10], the following stability criterion was given. 
(See [10].) The system (2.1) is asymptotically stable if conditions PROPOSITION 2.1. 
(a) 
(b) 
Let 
[( )l(k )] ~, ,~-~l~m ~÷~M~ <o, 
forall i  and (m E C : [(m[ _< 1 (m = 1,2, . . . ,k) ,  
hold, where Ip denotes an identity matrix of order p, As(o) and ~(o) stand for the i th 
eigenvalue and spectral radius of the corresponding matrix, respectively, and matrix IF[ := 
(If/j[) whenever matrix F = (fit). 
Since conditions 
[( )] A~ := As Ip - Nm(m L + E Mm(m • 
m=l  m----1 
[arg (-Ai)l < a, lAi I ~t 0, (RE (0, .~)) 
imply ReA i< 0 (1 <_ i _< p), by Proposition 2.1, we have the following proposition. 
PROPOSITION 2.2. System (2.1) is asymptotically stable if conditions 
(a) larg(-Ai)l < ~, IA~I ~ 0, (1 <~ _~ ~, J~ml-~ 1(1 <~ _~ ~),o~ (0, ~)) 
and (b) hold. 
Consider the LMMs (for ODEs, xt(t) = f(t, x(t))(t > 0), x(O) = x0), 
u 
j=o 5=o 
(2.3) 
where c~j, f~j are real constants ubject to 
p(1)=0,  p'(1)----a(1) (2.4) 
u 
polynomials p(() = )-~q~--o a j ( J  and a(() = ~ j=0 ~J(J have no common divisor, fn = f(tn, xn), 
xn ~ x(tn), tn = nh, and h > 0 is a stepsize. Adapting (2.3) and adopting Hout's interpolation 
technique [4], we obtain the following multistep methods for systems (2.1),(2.2): 
u u F k k 
j=O j=O m=l m=l 
(2.5a) 
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. (m) and _(m) where Yn+j xn+ j are approximations to x(t~+j -- Tin) and xl(t~+j - Tm), respectively, and 
are determined by 
x-" (m) ~ (m) 
. (m) Lt (6m) Xn+j-Tm+l, ~ ajyn+ j h (2.5b) Yn+j = = /gjZnwj, 
t=-r j=O j=O 
with 
Lz(6m) = 1-[ , Tm = (Tin - 6m) h, 6,~ e [0, 1), 
q=-r,q¢l 
and positive integers Tm> s+l (1  < m < k). Let L = hL, Mm = hMm, (1 < m < k). Combining 
(2.5a) with (2.5b) yields 
OljXn-kj = -L •jzn+j -~ ~ -Mrn "[- olj N m nl (6rn) Xn+j-Tm +l (2.6) 
j=0 j=0 j=0 m=l  / l=-r 
DEFINITION 2.2. A numerical method is called NGPk(a)-stable (a E (0,~r/2)) iff when this 
method is applied to system (2.1),(2.2) with Conditions (g) and (b), the numerical solution xn 
satisfies 
lim xn = 0. 
77,---* (X3 
In particulea', a method is called NGPk-stable i£ this method is NGPk (a)-stable for V a C (0, 7r/2). 
To study the asymptotic stability of methods (2.5), we consider the characteristic equation 
of (2.6): 
det p(z) Ip -  E O(z'Tm) Nm --a(z)  -L+ -MmO(Z, rm) =0,  (2.7) 
m=l 
where O(z, Tin) = ~t~=,r Ll(6m)Z l-Tin (Z E C, 1 <_ m <_ k) and det(.) stands for the determinant 
of the corresponding matrix. 
Prom the theory on difference quations (see [11]), it follows that lim,_~o~ x ,  = 0 if (2.7) implies 
Izl < 1. (2.8) 
Moreover, in an equivalent manner, we state Widlund's result as follows. 
LEMMA 2.1. (See [12].) Method (2.3) is A(a)-stable iff p(~)/a(~) is regular and l arg[-p(~)/  
a(¢)][ >_ a whenever [~[ _> 1. 
LEMMA 2.2. Assume r < s < r + 2 and Condition (b) holds. Then (Iv k - Em=l  O(z, Tm)grn ) is 
invertible for [z I > 1, Tm> s + 1, and 6r~ E [0, 1) (1 < m < k). 
PROOF. Since by Lemma 2.2 in [4], 
and 
we have 
IO(z, Tm)l <_ 1, for Izl = 1 and 6m E [0, 1), 
le(~,~-~)l = 0, 
(1 < m < k) 
for6mC[0,1)  andTmks+l ,  ( l<m_<k) ,  
[0(Z, Vm) l_<l, for ]z 1>_ l, 6m E [O,1) andTm_>s+l ,  ( l<m<_k) ,  (2.9) 
in terms of the maximum modulus principle (see [13]). Hence, it follows from (2.9) and Condi- 
tion (b) that 
~J E NmO(Z, Tm) < ~ INto[ < 1, (2.10) 
\ rn=l  m=l  
which proves the lemma. 1 
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3. MAIN RESULTS 
In this section, we apply Lemmas 2.1 and 2.2 to establish the NGPk(c~)-stabil ity criterion of 
method (2.5). 
THEOREM 3.1. Assume r < s < r+2.  Then method (2.5) is NGPk(a)-stable i f f the corresponding 
method (2.3) is A(a)-stable. 
PROOF. For the "if '  part  of this theorem, we need only to prove that  (2.8) holds. In fact, if 
there exists some 5 E C : 151 _> 1 such that  
det p(5) Ip -  ~-~ O(5, rm) Nm -a (5)  -f+ ~e(5,r~) =0, 
m=l m----1 
(3.1) 
then this will lead to a contradiction. By Lemma 2.2 and because (Ip k - -- Y~m=l 8(z, Tm)Nm) is 
invertible, (3.1) is equivalent o 
[ ( k )1 / )] 
det p(5)Ip-a(5) Ip- y~ e(5, rm)Nm -f~+ y;-Me(5,rm) O. 
m=l m=l 
Let 1( k )] 
-L+m~=l-iO(5, rm) • 
Then (3.1) can be written as 
(3.2) 
p 
1]  [p (5) - (5) = 0 (3.3) 
i=1 
In view of Lemma 2.1 and (3.3), there is some i such that  
a rg( -A / )  -- a rg ( -P (5 )~ I \  a (5 ) ]  ->c~" 
On the other hand, by Condit ion (g) and (2.9), we have 
(3.4) 
arg ( -A i )  <c~, (3.5) 
which contradicts (3.4). This implies that  the "if" part  holds. 
In order to prove the "only if" part,  we set p = 1, Mm = Nm = 0 (1 < m _< k) in (2.1), so that  
A(a) -stabi l i ty  follows immediately from NGPk(a) -s tab i l i ty .  | 
COROLLARY 3.2. Assume r < s < r+2.  Then method (2.5) is NGPk-stable i f f the corresponding 
method (2.3) is A-stable. 
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